A NOTE ON MEISTERS AND OLECH'S PROOF OF THE GLOBAL ASYMPTOTIC STABILITY JACOBIAN CONJECTURE

ARNO VAN DEN ESSEN
Let /: R n -> TBL" be a C 1 -vector field with /(0) = 0. For p e 1" let Jf(p) denote its Jacobian matrix evaluated at p. Then it is a well-known result, due to Lyapunov, that the origin is a locally asymptotic rest point of the non-linear autonomous system of ordinary differential equations x = f(x) if the origin is a locally asymptotic rest point of the linearized system y = Jf(0)y (or equivalently if all eigenvalues of the matrix Jf(0) have negative real parts).
In The proof of this proposition given by Meisters and Olech uses topological methods. In this note we generalize this result to polynomial maps F: k n -> k n with the property that det JF(x) Φ 0 for all x G k n (k is a field of characteristic zero). Our proof is purely algebraic and uses some well-known techniques from the theory of -modules. For the reader's convenience we have included a section reviewing some results concerning ^-modules. The proof of this theorem uses some well-known techniques from the theory of ^-modules (due to I. N. Bernstein, [1] ). A review of some of the results concerning ^-modules is given in §2.
The Main
In particular we have Δ Φ 0 so the elements F\, ... , F n are algebraically independent over k by [6] , satz 61. So
First we define derivations on the localization A:[X][Δ~!], denoted by
i, which satisfy
Since det(JF) The left ^-module associated to F in this way we denote by M(F). This theorem is a very special case of Theorem 11.5.2 (p. 243) of [8] . To see that Theorem 1.6 implies Theorem 1 one only needs to observe that the condition det JF(x) Φ 0 for all x e R n implies that each fiber F~ι(x) is discrete (by the implicit function theorem) and that obviously F~ι(x) is an algebraic subset of R n and hence has a finite number of connected components. So F~ι(x) is finite.
A review of some results concerning ^-modules.
All results of this section come from I. N. Bernstein's work in [1] and can also be found in Chapter I of [2] . The crucial point is that the integers d and d\a^ are independent of the choice of the good filtration; they form two important invariants of the v4 π -module M, called the dimension and the multiplicity of M, denoted d[M), resp. e(M). The fundamental Bernstein inequality asserts that d(M) > n for every non-zero ^-module M of finite type! The non-zero ^-modules of finite type having the minimal dimension n are called holonomic A n -modules. They play a very important role in the theory of ^-modules. A useful fact is that a holonomic A n -module with multiplicity e(M) has a finite length, bounded by e(M).
To decide if a given A n -module is holonomic, there exists a very powerful criterion. Before we describe it we introduce some terminology. Let M be a left A n -module, not necessary of finite type. A filtra-
where d > 0 and e > 1 are integers. Observe that if M is holonomic it possesses an (n, e)-filtration (namely take any good filtration on M and apply Proposition 2.1). However the converse also holds i.e. 
